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A DIRECT APPROACH TO PLATEAU’S PROBLEM IN ANY 

CODIMENSION 

G. DE PHILIPPIS, A. DE ROSA, AND F. GHIRALDIN 


Abstract. This paper aims to propose a direct approach to solve the Plateau’s problem in 
codimension higher than one. The problem is formulated as the minimization of the Hausdorff 
measure among a family of d-rectifiable closed subsets of R": following the previous work 
[DGM14| the existence result is obtained by a compactness principle valid under fairly general 
assumptions on the class of competitors. Such class is then specified to give meaning to boundary 
conditions. We also show that the obtained minimizers are regular up to a set of dimension less 
than {d— 1). 


1. Introduction 


Plateau’s problem consists in looking for a surface of minimal area among those surfaces 
spanning a given boundary. A considerable amount of the development of Geometric Measure 
Theory in the last fifty years has been devoted to provide generalized concepts of surface, area 
and of “spanning a given boundary”, in order to apply the direct methods of the calculus of 
variat i ons to the Plateau’ s prob lem. In particul ar we recall the notio ns of sets of finite perimeter 
De54 . De55j |. of currents (FFGOI ] and of varifolds A1172 . A1175 . Alm68j |. introduced respectively by 
De Giorgi, Federe r, Flem ing, Almgren and Allard. A more “geometric” approach was proposed 
by Reifenberg in Rei60( | . where Plateau’s problem was set as the minimization of Hausdorff 


d-dimensional measure among compact sets and the notion of spanning a given boundary was 
given in term of inclusions of homology groups. 

Any of these approach has some drawbacks: in particular, not all the “reasonable” bound¬ 
aries can be obtained by the above notions and not always the solutions are allowed to have 
the typ e of singularities observed by soap b ubble (the so called Plateau’s laws). Recently in 
HP13| Harrison and Pugh, see also Harl4i |. proposed a new notion of spanning a boundary. 


which seems to include all reasonable physical boundaries and they have been able to show, in 
the co-dimension one ca se, existe nce of least area surfaces spanning a given boundary. 

In the recent paper DGM14i |. De Lellis, Maggi and the third author have proposed a direct 
approach to the Plateau’s problem, based on the “elementary” theory of Radon measures and 
on a deep result of Preiss concerning rectifiable measures. Roughly speaking they showed, in 
the co-dimension one case, that every time one h as a class which contains “enough” competitors 
(namely the cone and the cup competitors, see DGM14I . Definition 1]) it is always possible to 
show that the infimum of the Plateau’s problem is achieved by the area of a rectifiable set. 
They then applied this result to provide a new proof of Harrison and Pugh theorem as well as 
to show the exi stence of sliding minimizers, a new noti on of m inimal sets proposed by David in 
Davl4 . Davl3j | and inspired by Almgren’s (M, 0,oo) 


(Alm76^ . 


In this note, we extend the result DGM14l | to any co-dimension. More precisely, we prove 
that every time the class of competitors for the Plateau’s Problem consists of rectifiable sets and 
it is closed by Lipschitz deformations, it is always possible to show that the infimum is achieved 
by a compact set K which is, away from the “boundary”, an analytic manifold outside a closed 
set of Hausdorff dimension at most {d — 1), see Theorem 11.31 below for the precise statement. 
We then apply this result to provide existence of sets spanning a given boundary according to 
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the natural generalization of the notion introduced by Harrison and Pugh, Theorem 11.31 and to 
show the existence of sliding minimizers in any co-dimension . Theorem 11.81 

Although the general strategy of the proof is the same of DGM14l | , some non-trivial modifi- 
cat ions have to be done in order to deal with sets of any co-dimension. In particular, with respect 
to [DGmi], we use a different notion of “good class”, the main reason being the following: one 
of the key step of the proof of our main result consists in showing a precise density lower bound 
for the measure obtained as limit of the sequence of Radon measures naturally associated to a 
minimizing sequence see Steps 1 and 4 in the proof of Theorem 11.31 In order to obtain 

such a lo wer bound, instead of relying on relative isopermetric inequalities on the sphere as in 
DGMI 4 I ] (which are pecu liar of the co-dimension one case) we use the deformation theorem 


of David and Semmes in DSOd ] to obtain suitable competitor s, follo wing a strat egy already 


introduced by Federer and Fleming for rectifiable currents, see FF6ri| | and Alm7fi |. Moreover 


since our class is essentially closed by Lipschitz deformations, we are actually able to prove that 
any set achieving the infimum is a stationary varifold and that, in addition, it is smooth outside 
a closed set of relative co-dimension one (this does not directly follows by Allard’s regularity 
theorem, see Step 7 in the proof of Theorem 11.31) . Simple examples show that this regularity is 
actually optimal. 

In order to precise state our main results, let us introduce some notations and definitions, 
referring to Section [2] for more details. We will always work in and 1 < d < n will always be 
an integer number, we recall that a set K is said to be d-rectifiable if it can be covered up to 
an negligible set by countably many manifolds, see |Sim83l . Chapter 3], where is the 
d-dimensional Hausdorff measure. We also let Lip(M”) be the space of Lipschitz maps in M". 


x^r, we let T>(x, r) be the set of functions 


Definition 1.1 (Lipschitz deformations). Given a ball B. 

(p : M” ^ M”' such that p{z) = z in \ Bx^r and which are smoothly isotopic to the identity 

->■ M” such that 


inside Bx^r, namely those for which there exists a smooth isotopy A : [0,1] x 


\Bx 


and 


A(0, •) = Id, A(l, •) = y?, X{t,h) = h V (t, h) G [0,1] X 

A(t, •) is a diffeomorphism of M"" Vt G [0,1]. 

_ qO 

We finally set D(x,r) := Ti{x,r) n Lip(M”), the intersection of the Lipschitz maps with the 
closure of T>{x,r) with respect to the uniform topology. 


The following dehnition describes the properties we require to the comparison sets: the key 
property we ask for K' to be a competitor of K is that K' must be close in energy to sets 
obtained from K via deformation maps in Definition ll.il This allows a larger flexibility on the 
choice of the admissible sets, since a priori K' might not belong to the competition class. 

Definition 1.2 (Deformed competitors and good class). Let H C be closed. Given K C 
M”" \ H relatively closed countably ^‘^-rectihable and i?x,r G M” \ H, a deformed competitor for 
K in Bx^r is any set of the form 

(p{K) where (/?GD(x,r). 

Given a family V{H) of relatively closed d-rectihable subsets K C W^\H, we say that V{H) 
is a good class if for every K G 'P{H), for every x G AT and for a.e. r G (0, dist(x, H)) 

inf {n\j) : J G V{H) , J \ (^ = R \ < n\L) (1.1) 

whenever L is any deformed competitor for K in 

Once we fix a closed set H, we can formulate Plateau’s problem in the class V{H): 

: K . (1.2) 

We will say that a sequence (Kj) C V{H) is a minimizing sequence if f mo. The 

following theorem is our main result and establishes the behavior of minimizing sequences. 
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Theorem 1.3. Let H C M” be closed and V{H) he a good class. Assume the infimum in 
Plateau’s problem ( 1121 ) is finite and let {Kfi C P{H) be a minimizing sequence. Then, up to 
subsequences, the measures fjj := TT^LKj converge weakly* inW’‘\H to a measure p, = TL^LK, 
where K = spt p\H is a countably TL^-rectifiable set. Furthermore: 

(a) the integral varifold naturally associated to p is stationary in M” \ H; 

(b) K is a real analytic submanifold outside a relatively closed set T, C K with dim'^(S) < 
d-1. 

In particular, > T-T^{K) and if K £ V{H), then K is a minimum for (|1.2I) . 


We wish to apply Theorem 11.31 to two definiti ons of b oundary conditions. The first one is 
the natural generalization of the one considered in [HP13^ : 


Definition 1.4. Let H he a. closed set in 
Let us consider the family 

C-H = {7 : —>• M” \ LT : 7 is a smooth embedding of 5”“'^ into M"'} . 

We say that C C Ch is closed by isotopy (with respect to H) if C contains all ele ments 7 ' € Ch 
belonging to the same smooth isotopy class [ 7 ] in M”" \H of any 7 G C, see (Hir94 . Ch. 8 ]. Given 
C C Ch closed by isotopy, we say that a relatively closed subset K of IBT \H is a C-spanning set 
of H if 

IL n 7 7 ^: 0 for every 7 G C . 

We denote by the family of countably '^-rectifiable sets which are C-spanning sets of 

H. 


We can prove the following closure property for the class iF{H,C): 

Theorem 1.5. Let H be closed in M”’ and C be closed by isotopy with respect to H, then: 

(a) F{H,C) is a good class in the sense of Definition M.A 

(b) Assume the infimum (11.21) corresponding to 'P{H) = F{H,C) is finite, then the set K 
provided by Theorem M.A belongs to F{H,C). In particular the Plateau’s problem in the 
class F{II,C) has a solution. 


The second type of boundary condition we want to conside r is the one related to the notion 
of “sliding minimizers” introduced by David in (Davl4 . Davl3 |. 


Definition 1.6 (Sliding minimizers). Let H C M” be closed and Kq C M” \ H he relatively 
closed. We denote by L(Lr) the family of Lipschitz maps (p : M” ^ M” such that there exists a 
continuous map $ : [0, 1] x M” —>■ M"' with <h(l, •) = (p, 4>(0, •) = Id and ^{t,H) C H for every 
t G [0,1]. We then define 

A{H,Ko) = {iL : K = p>{Kq) for some tp G S(Lf)} 

and say that Kq is a sliding minimizer if PL^{Kq) = inf{^'^(J) : J G A{II,Kq)}. 

Remark 1.7. For every Kq C M"’ \ H relatively closed and d-rectifiable, A{II,Kq) is a good 
class in the sense of Definition 11.21 since D(x,r) C S(R) for every C M"' \ R. 

Applying Theorem 11.31 to the contest of sliding minimizers we obtain the following result 
which is the analogous of DGM14I . Theorem 7] in any codimension. Here and in the following 
Us{E) denotes the ^-neighborhood of a set E C M”. 


Theorem 1.8. Assume that 

(i) Kq is bounded d-rectifiable with IIA{Kq) < 00 ; 

(ii) = 0 and for every rj > 0 there exist (5 > 0 and H G S(L 7 ) such that 

Lipn<l + r/, U{Us{H))cH. 
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Then, given any minimizing sequence (Kj) in the Plateau’s problem corresponding to V{H) = 
A{H,Kq) and any set K as in Theorem I j we have 

inf : J E A{H,Ko)] ='H^{K) = inf : J E A{H,K)] . 

In particular K is a sliding minimizer. 

The paper is structured as follows, in Section [2] we will recall some basic definitions and 
recall some known theorems we are going to use, in particular Preiss rectifiability criterion and 
a version of the deformation theorem due to David and Semmes. In Section [3] we prove Theorem 
Ol and in Section H] we prove Theorems 11.51 and 11.81 

Acknowledgements. The authors are grateful to Camillo De Lellis, Francesco Maggi and 
Emanuele Spadaro for many interesting comments and suggestions. This work has been sup¬ 
ported by ERG 306247 Regularity of area-minimizing currents and by SNE 146349 Calculus of 
variations and fluid dynamics. 


2. Notation and preliminaries 


We are going to use the following notations: 
with edge length 1; moreover we set 


^x.a.b • ^ T 


a 

a' 

d 

X 

■ b 

b- 

2’ 

2. 

~2’ 

2. 


denotes the closed cube centered in x, 
and Bx,r '■= {y '■ \y — x\<r}. 


When cubes, rectangles and balls are centered in the origin, we will simply write Qi, Ra,b and 
Br- Cubes and balls in the subspace x {0}”'“'^ are denoted with ; and respectively. 
We also let Ud be the Lebesgue measure of the unit ball in 

Le t us recall the following deep structure result for Radon measures due to Preiss (Pre87 . 


DeL08l | which will play a key role in the proof of Theorem 11.31 


Theorem 2.1. Let d be an integer and p, a locally finite measure on M” such that the d-density 


6(x) := lim 
r^O 


Ud.r'^ 


exists and satisfies 0 < 9{x) < +oo for pL-a.e. x. Then p. = OTL^LK, where K is a countably 
-rectifiable set. 


In order to apply Preiss’ Theorem we will rely on the monotonicity formula for minimal 
surfaces, which roughly speaking can be obtained by comparing the given minimizer with a 
cone. To this aim let us introduce the following definition: 


Definition 2.2 (Cone competitors). In the setting of Definition 11.21 the cone competitor for K 
in Bx^r is the following set 

Cx,r{K) = {K\ Bx,r) U {Ax + (1 — X)z : z ^ K D dB^^r , A E [0,1]} . (2.1) 


Let us note that in g eneral a cone competitor in Bx 
On the other hand as in DGM14| | we can show that: 


is not a deformed competitor in R^.r- 


Lemma 2.3. Given a good class V{H) in the sense of Definition D.H for any K E V{H) 
countably -rectifiable and for every x E iL, the set K verifies for a.e. r E (0, dist(x, H)): 

inf {n\j) : J E R(R), J \ (^ = A \ < n\Cx,r{K)). 

Proof. Without loss of generality let us consider balls R^ centered at 0 with R^ CC M” \ H. We 
assume in addition that K n dB^ is LL^ ^-rectifiable with TT^ ^{K n dB^) < oo and that r is a 
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Lebesgue point of t G (0, oo) i—)■ T-L^ ^{K n dBt). All these conditions are fulfilled for a.e. r and, 
again by scaling, we can assume that r = 1 and use B instead of Bi. For s G (0,1) let us set 


^s{r) 


0 , r G [ 0,1 - s), 

r , r > 1 , 


and (j)s{x) = 99s(kl) |fi for x G In this way, one easily checks that : M"' ^ R"' G D(0,1). 
Since 4>siK H -Bi-s) = {0}, we need to show that 

limsnpn'^iMK n {B \ HK ndB) ^ ^ 

s-)- 0 + ® 

Let xq £ Kn dBt and let us fix an orthonormal base ui,..., of the approximate tangent space 
TxqK such that u* G n T^^dBi for i < d — 1. Let 


d 

jUs = \{/\Dci>s){Tx,K) 


iDcpsii'i) A • • • A Dcpsii'd)] 


be the d-dimensional tangential Jacobian of 4>s with respect to K. Letting I be the (at most 
countable) set of those t G (0,1) such that n dBt) > 0, we find with the aid of the area 

and CO-area formulas. 


n'^{(l)s{Kf^{B\Bt_,))) = [ 

Jh 


Kn{B\Bt-s) 


jUsd'H'^ 


dt 


jK 

'^d 


'1-s 


I KndBt Wd- X 


{Y^:^Y7B^{Kr\dBt), ( 2 . 2 ) 

’ ^ te/n(i-s,i) 


where x = x/\x\ and we have used that • x| is the tangential co-area factor of the map 
f{x) = |x|. We hrst notice that, for t G (1 — s, 1), f — (1 — s) < s. Moreover 


lim V n’^{Kr^dBt) = Q, 
teLn(i-s,i) 

and thus the second term in (12.21) can be ignored. At the same time, for a constant C, 


JdMx) <C + \x-Ud\ ‘f's{\x\) 




d-l 


for x £ K . 


The constant C gives a negligible contribution in the integral as s 0; as for the second term, 
having = 1/s on (1 — s, 1), we find 

^ n'^-^Kn dBt) dt = ^ n dBt) dt. 

Since f = 1 is a Lebesgue point of f G (0, oo) i—^ n dBt), we have 


lim 


1 


\n'^-^{K n dBt) - n^-^K ndB)\dt = o 


d-l I 


s^O S Ji_g 

SO that, combining the above remarks we find 


limsupn^iMK^B)) <n^-\KndB)limsup- y ffMy ^ dt = ^’^ ^{K^dB) ^ 


s^ 0 + 

as required. 


s^0+ '® J 1—s ^ t / 


□ 
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The second key result we are going to use is a deformation theorem for closed sets d ue to 
David and Semmes DS00l |. analogous to the one for rectifiable currents Sim83, Fed69| | . We 
provide a slightly extended statement for the sake of forthcoming proofs. 

Before stating the theorem, let us introduce some further notation. Given a closed cube Q 
of edges length I in M” and e > 0, we cover Q with closed smaller cubes with edges length e <C /, 
non empty intersection with Int(Q) and such that the decomposition is centered in x (i.e. one 
of the subcubes is centered in x). The family of this smaller cubes is denoted A£(Q). We set 


Cl ■.= \J{T nQ : T G A,{Q),T ndQ ^ H)} , 

C 2 := U ^ : T Cl, T n 5Ci / 0} , (2.3) 

Qi := Q \ (Cl U C2) 


and consequently 

A.(gi U C 2 ) := {T E A,(Q) : T C (Qi U C 2 )} 

For each nonnegative integer m < n, let A£^m(QiUC 2 ) denote the collection of all m-dimensional 
faces of cubes in A^{Qi U C2) and A* ^{Qi U C2) will be the set of the elements of A^^miQi U C2) 
which are not contained in d{Qi U C 2 ). We also let S^^rniQi U C 2 ) := U-^e,m(Qi U C 2 ) be the 
the m-skeleton of order e in Qi U C 2 . 


Theorem 2.4. Let r > 0 and E be a compact subset ofQ such that < +00 and Q C Bx^r- 

There exists a map ^e,E £ D(x,r) satisfying the following properties: 

(1) ^e,E{x) = xforxGW^\ {Qi U C 2 ); 

(2) ^e,E{^) = X for X G Se,d{Qi U C 2 ); 

(3) ^eAE) C SAQi U C 2 ) u d{Qi U C 2 ); 

(4) ^ ^ A every T G A^AQi U C 2 ), with m = d, 

(5) either n T)) = 0 or n’^A.A^ n T)) = for every T G A* ,^(Qi); 

(6) 'H'^AeAE n T)) < ki'H'^iE n T) for every T G A,{Qi U C 2 ); 
where ki depends only on n and d (but not on e). 


Proof. Proposition 3.1 in (DSOO( | provides a map ^e,E £ D(x,r) satisfying properties (l)-(4) and 
( 6 ). We want to set 

^e,E := 4' o ^e,E, 

where T will be dehned below. We first dehne T on every T G A^AQi G C 2 ) distinguishing two 
cases 

(a) if either 'H'^{^e{E) n T) = 0 or 'H'^{^e{E) f^T) = n^{T) or T 0 A^^iQi), then we 
set = Id; 

(b) otherwise since ^^^e{E) is compact, there exists yr GT and > 0 such that Bsj,{yT)L\ 
^e^EiE) = 0 ; we dehne 


'I'|r(3^) = X + a{x - yr) min |l, 


where a > 0 such that the point x + a{x — yx) G (dT) x {0}"' 

The second step is to dehne 'k on every T' G Ae_d+i(Qi U C 2 ). Without loss of generality we 
can assume T' centered in 0. We divide T' in pyramids Pt,t' with base T G A^AQi U C 2 ) and 
vertex 0. Assuming T C {x^+i = —|,a^(i+ 2 ) ■■■■,Xn = 0} and T' C {xd+ 2 , ■■■,Xn = 0}, we set 


2xrf+i 


' — 




e 


Xd+l 2 
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We iterate this procedure on all the dimensions till to n, defining it well in Qi U ( 72 . Since 
'I'|g(QiUC 2 ) = Id we can extend the map as the identity outside QiU C 2 - In addition one can 
easily check that 'h E D(x,r) and thus, since ^e,E £ D(x,r) and the class D(x,r) is closed by 
composition, this concludes the proof. □ 


Later we will need to implement the above deformation of a set E on a rectangle rat her tha n 
a cube: the deformation theorem can be proved for very general cubical complexes, Alm 86 l | : 


however, for the sake of exposition, we limit ourselves to note the following simple observation: 
given a closed rectangle R := Rx,a,b: using a linear map, and covering this time with rectangles 
homothetic to R, one can easily deduce the same thesis as in Theorem 12.41 The only key point 
is the area estimate ( 6 ), which holds with a constant ki depending on the ratio a/b. We will 
apply this construction to rectangles where the ratio is approximately 2 . 


3. Proof of Theorem O 


Proof of Theorem \1.!A Up to extracting subsequences we can assume the existence of a Radon 
measure ^ on M"" \ H such that 


fij ^ fj., as Radon measures on M"’ \ H , (3.1) 

where fj,j = 'H'^LKj. We set K = spt fJ,\ H and divide the argument in several steps. 

Step one: We show the existence of Oq = 0Q{n, d) > 0 such that 

h{Bx,r) P OoUJdr'^ , X E spt/i and r < dx '■= dist{x,H) (3.2) 

To this end it is sufficient to prove the existence of /3 = /3(n, d) > 0 such that 

h{Qx,i) P , x E spt fi and I < 2dx/Vn . 

Let us assume by contradiction that there exist x E spt /i and I < 2dx/\/n such that 

h{Qx,l)^ ^ n 
I 

We claim that this assumption, for /? chosen sufficiently small depending only on d and n, implies 
that for some loo £ (0,0 

TiQx,iJ = 0, (3.3) 

which is a contradiction with the property of x to be a point of spt p. In order to prove (13.3p . 
we assume that p{dQx,i) = 0 , which is true for a.e. 1. 

To prove (13.3p we construct a sequence of nested cubes Qi = Qx,ii such that, if (3 is sufficiently 
small it holds: 


(i) Qo — Qx,i\ 

(ii) p{dQx,ii) = 0 ; 

(hi) setting rrii := p{Qi) 


(iv) rui+i < (1 - ^)mi, 

(v) (1 - 4e00 > 0+1 > 

1 mf 

kpl~ 

and k = max{ 6 , 6/(1 — (^^^)d)} is a universal constant. 

(vi) limj mi = 0 and limj 0 > 0 . 


it holds: 


where ki is the constant in Theorem 12.41 ('61: 
(1 — 6 e 00 , where 


(3.4) 






G. DE PHILIPPIS, A. DE ROSA, AND F. GHIRALDIN 


Following [DS00|, we are going to construct the sequence of cubes by induction: the cube Qq 
satisfies by construction hypotheses (i)-(iii). Suppose that cubes until step i are already defined. 

Setting ml := n Qi) we cover Qi with the family K^.i.{Qi) of closed cubes with edge 

length EiU as described in Section [2] and we set C\ and C\ for the corresponding sets defined in 
( 1231 ). We define Qi+i to be the internal cube given by the construction, and we note that C\ 
and Qi+i are non-empty if, for instance, 


1 mf 1 1 
kp li A: “ 6’ 


which is guaranteed by our choice of k. Observe moreover that C| U is a strip of width at 
most 2eili around dQi, hence the side k+i of Qi+i satisfies (1 — Aepk < fj+i < (1 — 2ei)li. 

Now we apply Theorem 12.41 to Qi with E = Kj and e = epi, obtaining the map = 
We claim that, for every j sufficiently large. 


ml < ki{ml - ml_^_Q + Oj{l). ( 3 . 5 ) 

Indeed, since {Kj) is a minimizing sequence, by the definition of good class we have that 

mi <mi + Oj{l) < (d>jj {Kj n Qo)) + Oj{l) 

= i^ij [Kj n Qi+i)) + ($,,,• {Kj n {c{ u c*))) + o,(i) 

< ki'H’^ {Kj n {C\ U Ci)) + 0,(1) = ki{rrP^ - + o,(l). 

The last inequality holds because {^i,j {Kj H Qi+i)) = 0, otherwise by property (5) of The¬ 
orem [23] there would exists T G A*,;. ^(Qi+i) such that 'H'^{^ij{Kj n T)) = 'H'^{T). Together 
with property (ii) this would imply 

ifef = n\T) < {Kj) n Qi) < ki'H'^ {Kj n Qi) < kimi ^ kimi 


and therefore substituting (13.4p 



< kimi, 


which is false if /3 is sufficiently small (ruj > 0 because x G spt(/r)). Passing to the limit in j in 
()3.5|) we obtain (iv): 

ki — 1 

m+i < —;- rrii- (3.6) 

ki 

Since /j+i > (1 — 46*)/^ we can slightly shrink the cube Qi+i to a concentric cube with 
l'i_^_l > (1 — Gepli > 0, |J,{^Ql_^_l) = 0 and for which (iv) still holds, since just ruj+i decreased. 
With a slight abuse of notation we rename this last cube Q'ij^i as Qi+i- 
We now show (hi). Using (13.61) and condition (iii) for Qi we obtain 


^i+i ^ f ki - l \ ^ ml / ki - 1 \ d p 

k+i “V ki J (1 - 6ei)li V / 1 - Se* 


The last quantity will be less than P if 


( ki-1 

V h 


< 1 - 6ei = 1 - 


kp 



(3.7) 


In turn inequality (|3.7I) is true because (iii) holds for Qi, provided we choose A;>6/(l — (l — 
l/ki)d). Furthermore, estimating eq < l/k hy (iii) and (v) we also have < Ei. 
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We are left to prove (vi): lirrij m, = 0 follows directly from (iv); regarding the non degeneracy 
of the cubes, note that 


'OO 

lo 


:=limmf^>n(l-6e*) = n|l 


i=0 


i=0 


6 m/ 
kf3 k 



1 - 


6 mg f ki — 1 

kPlo n/j=yi - V ki 


6 


ki — 1 


k{l — 6eo)* V ki 

where we used Sh < eo in the last inequality. Since Sq < l/k the last product is strictly positive 
provided 

k > -^-r 


1 - 


fcl-l d 
fcl 


which is guaranteed by our choice of k. We conclude that loo > 0 which ensures claim (|3.3p 
Step two: We hx x E spt fJ- \ H, and prove that 


r i-A 


is increasing on ( 0 , 


(3.8) 


The proof is a straightforward adaptation of the corresponding one in [PGMld . Theorem 2], 
and amounts to prove a differential inequality for the function /(r) := p,{Bx^r)- In turn, this 
inequality is obtained in a two step approximation: first one exploits the rectihability of the 
minimizing sequence (Kj) and property (jl.ip to compare Kj with the cone competitor Cx,r{Kj), 
see dZU). The comparison a priori is only allowed with elements of 'P{H), so for almost every 
r < dx it holds: 


fj{r) = n^{Kj) - \ Bx,r) < mo + o,(l) - \ Bx,r) 


< 0 , ( 1 ) + inf n^iK') - \Bxr)< oAl) + 

K'eV(H) 


inf -H\K'^Bx,r), 

K'&V(H) _ 

K'\Bx,r = Kj\Bx,r 


where fj{r) := n Bx^r) and rjj is infinitesimal. Nevertheless Kj can be compared with its 

cone competitor, up to an error inhnitesimal in j, thanks to Lemma 12.31 We recover 


^^inf^^ n\K' n Bx,r) < 0 ,( 1 ) + n^{Cx,r{Kj) n Bx,r) 

K'\Bx,r = Kj\Bx,r 

< 0 ,( 1 ) + n dBx,r) = 0 ,( 1 ) + ^/'(r). 

One then passes to the limit in j and obtains the desired monotonicity formula. We refer to 


DGM14I . Theorem 2] for the conclusion of the proof of (|3.8p . 


Step three: By ()3.2I1 and ()3.8p the d-dimensional density of the measure /i, namely: 

f(.r) 


6{x) = lim 


r^o+ 


> 00 , 


exists, is finite and positive /r-almost everywhere. Preiss’ Theorem 12. II implies that /r = 
for some countably 7^'^-rectihable set K and some positive Borel function 6. Since K is the 
support of /i, 'H'^{K\K) = 0. On the other hand, by differentiation of Hausdorff measures, (|3.2p 
yields 'H^{K \K) = 0. Hence K is d-rectifiable and /r = OTi'^LK. 
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Step four: We prove that 6{x) > 1 for every x ^ K such that the approximate tangent space 
to K exists (thus, on K). Fix any such x £ K \ H without loss of generality we can 

suppose that tt = {xd+i = = 0} is the approximate tangent space to K at x, and that 

X = 0: in particular, 

, as r —0+. 
r 

The above convergence, together with the lower density estimates (I3.2p imply that, for every 
e > 0 there is p > 0 such that 

K n Br C ^\yd+i\,.:,\yn\ < '^r < p. (3.9) 

Let us now assume, by contradiction, that 0(0) < 1. Thanks to (I3.8p and (13.911 . there exist 
r £ (0, dx) and a <1 such that 

/i(5g,) = 0, iLn(Qp\i?p,,p) = 0 Vp<r. (3.10) 

In particular, since pj are weakly converging to p we get that for j large 

t^jiQr) < Q, ^ 2 and Pj{Qr\Rr,er) = Oj{l), (3.11) 

We now wish to clear the small amount of mass appearing in the complement of Rr,sr- we 
achieve this by repeatedly applying Theorem 12.41 We set Qr H {x^+i > ^ r} =: R, and we apply 
Theorem El to this rectangle with parameter er and E = Kj := Kj, obtaining the map 
We recall that the obtained constant ki for the area bound is universal, since it depends on 
the side ratio of R, which is bounded from below by 1 and from above by 4, provided e small 
enough. We set Kj := ipij{Kj) and repeat the argument with Qr n {x^+i < —|x} =: R and 
E := Kj, obtaining the map ip 2 ,j- We again set Kj := p 2 ,j{Kj) and iterate this procedure to 
the rectangles Qr H {xd +2 > | r},..., H {x„ < — | r}. After 2{n — d) iteration, we set 

j^2{n-d) __ o ... O ipip{Kj). 

We are going to use the cube because, taking e small enough, then ^/e > 4Ce, where 

C > 1 is the side ratio considered before. This allows us to claim that 

j^d^Kfn-d) ^ \ Rril-V-e),6er)) = 0- (3.12) 

Otherwise there would exist a d-face of a smaller rectangle T C {Qr \ Rr,Er) such that 

nd{Kfn-d) n 2") ^ ^<i(2") > eV , 

which would lead to the following contradiction for j large: 

In particular, we cleared any measure on every slab 

n 

U |3er < |xi| < (1 - x/e)^} 
i=d+l 

We want now to construct a map P £ D(0,r), collapsing Rr{i-pe)fier onto the tangent plane. 
To this end, for x £ M”, x = (x', x") with x' £ and x" £ we set 

||x'|| := max{|xj| : i = 1,... , d} ||x''|| := max{|xi| : i = d + 1,... ,n} (3.13) 
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M + (1 “5(lk'||))x") if max{||x'||, ||x"||} < r/2 


and we define P as follows: 

1 Id otherwise, 

where g : [0, r/2] —>■ [0,1] is a compactly supported cut off function such that 

g = l on [0, r(l —-v/£)/2] and \g'\<l^/r^. 

It is not difficult to check that P € D(0, r) and that LipP < 1 + Cy/e for some dimensional 
constant C. 

We now set Kj := which verifies, thanks to (I3.12p . 




= 0 


(3.15) 


and 


(3.16) 


n {Qr \ Qrii-v-e))) < (1 + c n (g, \ Qrn-^s))) 

< (1 + CV~e)kf"-^^n\K^ n {Qr \ (g.(l_V^) U Rr,er))) 

+ (1 + Cyfen^K^ n {Rr,er \ Q.d-V^))) 

< 0 ,( 1 ) + (1 + CV~e)R'^{Kj n {Rr,er \ Qki-V^))) > 

where in the last inequality we have used (13.110 . Moreover, by using (I3.10p . (|3.1ip and (I3.15P 
we also have that, for e small and j large: 




r'^(l — v^)'^ 


r'^pi — y/eY 


< (1 + Cy/s) 


Rd{^Kfn d) 


n Qr 


y^d 


< (1 + Cy/i) 

<a + 0 , ( 1 ) < 1 . 


Rd(^Kj^Qr) + OjQ) 


(3.17) 


As a consequence of (I3.17P and the compactness of AT,-, there exist ?/'• E 6j > 0 

such that, if we set y,- := {yj,0), then 

=0 and C <3(l-V5)r' P-l®) 

After the last deformation, our set Kj n g^d-Ve) lives on the tangent plane and we want to use 
the property (I3.18P to collapse Kj n Qr^i-^) into x {0}”'“'^. To this end let us 

define for every j E N, the following Lipschitz map: 

= / (^' + ^") ^r(l-xA),r 

^ 1 X otherwise, 


with 




:= min < 1, 


x' - y{ 


(r - 4||x" 




where ^j^x > 0 is such that x' + ^j^x{x' — y'j) E dQd^^_^^^ , X {0}*^ d and ||x"|| is defined in (13.130 . 
One can easily check that (pj E D(0,r). Moreover, setting pj[Kj) =: K'^ we have that 

K'j \ Qr = Kj \ Qr 

and 

p''(A:'ng,(i_^)) = o, (3.19) 
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thanks to (I3.15|) . since 

X {or-") = 0. 

Since V{H) is a good class, by (ll.ip there exists a sequence of competitors {Jj)j£fq C 'P{H) such 
that Jj \ i?o,r = Kj \ and + Oj{l). Hence, thanks to ()3.16l) and ()3.19l) we 

get 

n^iKj) - > n^{Kj) - n‘^{K'j) - ojii) = n'^{Kj n Qr) - n Qr) - 0^(1) 

> {k, n Q.(1_^)) + [k, n {Rr,er \ Qrd-V-e])) + 

- 0,(1) - (1 + (k, n {Rr,er \ ^(1-^^))) 

> R'^ {k, n Qril-^e)) - C^eU^ (k, n (Rr,er \ Q.(l-V^))) " 0,(1). 

Passing to the limit as j —>■ oo, and using dSI]), (1221) and (I3.10p we get that 

liminf > liminf — C-v/er" 

3 j 

> liminf + (6<o(l — \/e)" — Cy/e)r‘^. 

j 

Since, for e small, this is in contradiction with Ka be a minimizing sequence we hnally conclude 
that 0(0) > 1. 


Step five: We prove that 9{x) < 1 for every x & K such that the approximate tangent space to K 
exists. Arguing by contradiction, we assume that 9{x) = l+u > 1 for some x where K admits an 
approximate tangent plane T. As usually we assume that x = 0 and T = {y : yd+i, ■■■,yn = 0}. 
By the monotonicity of the density established in Step 2, for every e > 0 we can hnd rg > 0 
such that 

K Cl Qr C Rr,er i 1 + a < <l + (T + e(T, Vr<ro. (3.20) 

Let us also note that for every r < vq there exists jo such that 

iH"(iL,ng,) > (i + |)r, n'^{{KjnQr)\Rr,er) Vj>io, (3.21) 


Consider the map P : M” — >■ M” E D(0, r) with Lip P < 1+C defined in (I3.14p which collapses 
R[r(i-^),er onto the tangent plane. By exploiting the fact the V{H) is a good class we hnd that 


R\K, n Qr) - 0,(1) < n\p{K, n + p"(P(iL, n (P,,,, \ P(i_v^),,,g)) 


h 


+ R\P{Kjr\{Qr\Rr,er))) ■ 

' -V-' 

h 


By construction, R < r", while, by p3.2ip . R'^{Kj n Qr) > (1 + (o'/2))r" and 
h < (LipP)"P"(iL, n(gr ^r,er)) < (1 + C ^i)'" ^ r" . 


Hence, as j ^ oo. 


that is. 


fl + < r + liminf/2 + (1 + C ^)<^ ^ r" , 

\ z / 3^00 4 


1 (i+cr^)" 

2 4 


a < liminf 


h 


(3.22) 
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By (j 3 . 2 nD . we finally estimate that 

limsup/2 < {l + C^/iy n{Qr\Q(^i_^y) 

jr'^OO 

< {1 + C^/e)'^(^{l + a + ea) - {1 + a){l - ^/ey'^ r'^ (3.23) 

By choosing e sufficiently small, (|3.22l) and (|3.23l) provide the desired contradiction. Hence 9 <1 
and, combining this with the previous step, /i = T-L^^LK. 


Step six: We now show that the canonical density one rectifiable varifold associat ed K is sta¬ 
tionary in M” \ H. In particular, applying Allard’s regularity theorem, see (Sim83 . Chapter 5], 
we will deduce that there exists an 'H'^-negligible closed set T, C K such that F = AT \ S is a real 
analytic manifold. Since being a stationary varifold is a local property, to prove our claim it is 
enough to show that for every ball B <ZC. M”' \H we have 

n'^{K) < (3.24) 


whenever (/> is a diffeomorphism such that spt{(/> — Id} C B. Indeed, by exploiting (|3.24p with 
(pt = U + tX, X G C^{B) we deduc e the des ired stationarity property. 

To prove (13.241) we argue as in [DGM14I . Theorem 7]. Given e > 0 we can find <5 > 0 and a 
compact set K C K Ci B with \ K) n B) < e such that K admits an approximate tangent 

plane 7r(x) at every x G K, 


sup sup \X4>{x) — X4>{y)\ < e , sup sup d(7r(x), 7r(?/)) < e , (3.25) 

xeky^^x,s xekyeknB^^s 


where d is a distance on G{d), the d-dimensional Grassmanian. Moreover, denoting by Sx^r the 
set of points in Bx^r at distance at most e r from x + vr(x), then K n Bx^r C Sx,r for every r < 5 
and X G K. By Besicovitch covering theorem we can find a finite disjoint family of closed balls 
{Bi} with Bi = Bx^^ri C B CC M"" \ H, Xi G K, and r* < S, such that T-L^{K \ (J^ Bj) < e. By 
exploiting the construction of Step four, we can find j{e) G N and maps Pi : M"" —>■ M” with 
Lip (Pi) <1 + C -y/e and Pi = Id on B?, such that, for a certain Xi C Si = Sxi^em 

Pi{Xi) C Bj n {xi + r(xj)) , 

n^(^Pi{{Kj n Bi) \ w)) < C^euJdrf , Vj > j{e) . 

Exploiting (|3.25l) . (13.261) . the area formula and that uod'i^i — n Bi) (by the monotonicity 

formula), and setting Oi = \ K) (b Bi), we get (denoting with JJ the d-dimensional 

tangential Jacobian with respect to the plane vr and by the one with respect to K) 


H\c|>{P,{Kjf^Xi))) = / Jj^^^U{x)dn\x) < iJ<^^U{xi)+£)iOdrf 

JPi(KjnXi) 

< + £) p\k n Bi) < (j;^"^V(xi) + e) {n\k n b,) + ai) 

< [ {J^4>ix)+ 2£) dP‘^{x) + {{Lip (p)'^+ £)ai 

JknBi 

= n'^{cP{k n Bi)) + 2en^{K n Bi) + ((Lip <P)^ + £)ai, 

(3.27) 

where in the last identity we have used the area formula and the injectivity of (p. Since Pi = Id 
on Bp, ()) = Id on B^, Bi G B and the balls Bi are disjoint, the map (p which is equal to (p on 
B \ UjBi, equal to the identity on B'” and equal to (po Pi on Bi is well defined. Moreover, by 
(j3.27p . we get 


n<^{^{Kj)) <n\cp{K)) + C£ 
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where C depends only on K. By exploiting the definition of good class, we get that 
-H\K) < < n'^i^K)) + Ce + oj(l). 

Letting j —>■ oo and e —)• 0 we obtain (13.241) . 


Step seven: We finally address the dimension of the singular set. Recall that, by monotonicity, 
the density function 

0 [K,x) = hm-^— 

r^O 

is everywhere defined in \ H and equals 1 'H'^-almost everywhere in K. Fixing x & K and 
a sequence 4' 0, the monot onicity formula, the stationarity of and the compactness 

theorem for integral varifolds A1172I . Theorem 6.4] imply that (up to subsequences) 

' K — x\ 

- I ^ V locally in the sense of varifolds, (3.28) 

rk J 




with 

(a) F is a stationary integral varifold: in particular 0'^(||F||,y) > 1 for y E spt(F); 

(b) F is a cone, namely {6\)^V = F, where 5\{x) = Ax, A > 0; 

(c) 0'^(||F||,O) = 0‘^(iL, x) > 0'^(||F||,y) for every y E M"'. 

Recall that the tangent varifold F depends (in principle) on the sequence (r^). We denote by 
TanVar(R', x) the (nonempty) set of all possible limits F as in (|3.28p varying among all sequences 
along which (|3.28p holds. Given a cone IF we set 


Spine(lF) := {y E M" : 0''(||lF||,y) = 0''(||1F||,O)} : (3.29) 

by lAlmOfll . 2.26] Spine(lF) is a vector subspace of see also [Whi97( ] . We can stratify K in 
the following way: for every = 0,..., n we let 


Afe := {x E AT : for all F E TanVar(iL, x), dimSpine(F) < k}. 

Clearly Aq D • • • D A^+i = • • • = A„ = 0; moreover it holds: dim-^ Afc < k, see |Alm 2.28]. In 
order to prove our claim, we need to show that Ad \ Ad-i C AT \ S, where S as in Step six is the 
singular set of K, namely that every point in K having at least one tangent cone of maximal 
dimension d must be regular (note that, as the example of complex varieties shows, this is not 
true in general for a stationary varifold). 

First, note that if x E A^ \ Ad-i and F E TanVar(A', x) satisfies dimSpine(F) = d, then 
F = 'A'^LSpine(F): indeed up to a rotation spt(F) = Spine(F) x F, where F is a cone in 
If F / {0} then 0'^(jjFll,O) > 0‘^(llFll,y) for any y E Spine(F) \ {0}, which contradicts (I3.29p . 
Hence b y (13.291) and (c), 0‘^(llFll,O) is an integer and F = 0'^(Ar, x)'A'^LSpine(F) (see also 
AlmOfll . Theorem 2.26 (4)]). Second, the density lower bound > 1 and (I3.28p imply 

that for every e > 0 


ngo,i) < (i + e)0''(A:,x) 

if r is sufficiently small. By arguing as in Step five (i.e. roughly speaking comparing K with 
P{K) in Qx,r-, where P is the squeezing map (I3.14p although one has to rigorously get through 
the minimizing sequence Kj) we obtain 

< {^ + CV~e). 

Letting r | 0 thanks to (13.281) we obtain UFJKQo,!) < (1 + Cy/e), imply ing Q^{K,x) = 1. We 
therefore fall into the hypotheses of Allard’s regularity Theorem |A1172| . Regularity Theorem, 
Section 8], AT n Qx,^ is a real analytic submanifold. Equivalently x 0 S. □ 


K-X 


C [/£(Spine(F)) and T-L° 


K - 
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4. Proof of Theorems fT3] AND fTTSl 


In this Section we prove Theorem 11.51 a nd 11.81 W ith Theorem 11.31 at hand, the proofs are 
quite similar to the corresponding ones in DGM14I ] (see Theorems 4 and 7 there), hence we 
limit ourselves to provide a short sketch underlying only the main differences. 


Proof of Theorem 11.51 We start by proving that J-{H, C) is a good class in the sense of Definition 
11.21 let K G P'{H,C), X & K, r & (0, dist(x, 77)) and ip G D(x,r). We show that ip{K) G F{H,C) 
arguing by contradiction: assume that 7(6'’*“'^) n ip{K) = 0 for some 7 G C and, without loss of 
generality, suppose also that 7(5”“^) n {K \ Bx^r) = 0- By Definition 11.11 there exists a sequence 

(ipj) C Tl{x,r) such that lim \\(pj — v?||co = 0. 

j 

Since 7(5”^“'^) is compact and ipj = Id outside Bx^r, for j sufficiently large 'y{S"'~‘^)rnpj{K) = 0; 
moreover (pj is invertible, hence (pj^ n = 0. But the property for tpj of being 

isotopic to the identity implies ipj^ o 7 G C, which contradicts V G This proves (a). 

Given a minimizing sequence {Kj) C J-{H,C) which consists of rectifiable sets, we can 
therefore find a set K with the prope rties sta ted in Theorem 11.31 In order to conclude (b), 
namely that K G we refer to |DGM14I . Theorem 4(b)]: the proof is the same. 

□ 


Proof of Theorem \1.8l As already observed in Remark 11.71 A{H,Ko) is a good class and we 
can therefore apply Theorem 11.31 We thus know that PL'^LKj p = TL^LK and that K is 
a smooth set away from H and from a relatively closed set S of dimension less or equal than 
(d — 1). The conclusion of th e proof c an now be obtained by repeating verbatim Steps 4 and 6 
in the proof of Theorem 7 in DGM14i |. 

□ 


Bibliography 

[A1172] W. K. Allard. On the first variation of a varifold. Ann. Math., 95:417-491, 1972. 

[A1175] W. K. Allard. On the first variation of a varifold: boundary behaviour. Ann. Math., 
101:418-446, 1975. 

[Alm68] F. J. Jr Almgren. Existence and regularity almost everywhere of solutions to elliptic 
variational problems among surfaces of varying topological type and singularity struc¬ 
ture. Ann. Math., 87:321-391, 1968. 

[Alm76] F. J. Jr. Almgren. Existence and regularity almost everywhere of solutions to elliptic 
variational problems with constraints. Mem. Amer. Math. Soc., 4(165):viii-|-199 pp, 
1976. 

[Alm86] F. Almgren. Deformations and multiple-valued functions. Geometric measure theory 
and the calculus of variations, pages 29-130, 1986. 

[AhnOO] F. J. Jr. Almgren. Almgren’s big regularity paper. Q-valued functions minimizing Dirich- 
let’s integral and the regularity of area-minimizing rectifiable currents up to codimension 
2, volume 1 of World Scientific Monograph Series in Mathematics. World Scientific Pub¬ 
lishing Co., Inc., River Edge, NJ, 2000. xvi-|-955 pp. pp. With a preface by Jean E. 
Taylor and Vladimir Scheffer. 

[Davl3] G. David. Regularity of minimal and almost minimal sets and cones: J. Taylor’s 
theorem for beginners. In Analysis and geometry of metric measure spaces, volume 56 
of CRM Proc. Lecture Notes, pages 67-117. Amer. Math. Soc., Providence, RI, 2013. 

[Davl4] G. David. Should we solve Plateau’s problem again? In C. Fefferman; A. D. lonescu; 
D.H. Phong; S. Wainger, editor, Advances in Analysis: the legacy of Elias M. Stein. 
Princeton University Press, 2014. 








16 


G. DE PHILIPPIS, A. DE ROSA, AND F. GHIRALDIN 


[DSOO] G. David and S. Semmes. Uniform rectifiability and quasiminimizing sets of arbitrary 
codimension, pages viii+132 pp., 2000. 

[De54] E. De Giorgi. Su una teoria generate della misura (r — l)-dimensionate in uno spazio ad 
r-dimensioni. Ann. Mat. Pura Appl. (4), 36:191-213, 1954. 

[De55] E. De Giorgi. Nuovi teoremi relativi alle misure (r — l)-dimensionali in uno spazio ad 
r-dimensioni. Ricerche Mat., 4:95-113, 1955. 

[DeLOS] C. De Lellis. Rectifiable sets, densities and tangent measures. Zurich Lectures in Ad¬ 
vanced Mathematics. European Mathematical Society, Zurich, 2008. vi-|-127 pp. 

[DGM14] G. De Lellis, E. Ghiraldin, and E. Maggi. A direct approach to Plateau’s problem. 
JEMS. To appear. URL arXiv: 1408.4047. 

[Fed69] H. Federer. Geometrie measure theory, volume 153 of Die Grundlehren der mathema- 
tisehen Wissensehaften. Springer-Verlag New York Inc., New York, 1969. xiv-|-676 pp 

pp. 

[FF60] H. Federer and W. H. Fleming. Normal and intregral currents. Ann. Math., 72:458-520, 
1960. 

[Harl4] J. Harrison. Soap film solutions to Plateau’s problem. J. Geom. Anal., 24(l):271-297, 
2014. ISSN 1050-6926. 

[Hir94] M. W. Hirsch. Differential topology, volume 33 of Graduate Texts in Mathematies. 
Springer-Verlag, New York, 1994. ISBN 0-387-90148-5. x-|-222 pp. Gorrected reprint of 
the 1976 original. 

[HP13] J. Harrison and H. Pugh. Existence and soap him regularity of solutions to Plateau’s 
problem. 2013. arXiv:1310.0508. 

[Pre87] D. Preiss. Geometry of measures in distribution, rectihability, and densities. Ann. 
of Math. (2), 125(3):537-643, 1987. ISSN 0003-486X. 

[Rei60] E. R. Reifenberg. Solution of the Plateau problem for m-dimensional surfaces of varying 
topological type. Acta Math., 104:1-92, 1960. 

[Sim83] L. Simon. Lectures on geometric measure theory, volume 3 of Proceedings of the Gentre 
for Mathematical Analysis. Australian National University, Gentre for Mathematical 
Analysis, Ganberra, 1983. vii-|-272 pp. 

[Whi97] Brian White. Stratihcation of minimal surfaces, mean curvature hows, and harmonic 
maps. J. Reine Angew. Math., 488:1-35, 1997. 

Institut fur Mathematik, Universitaet Zurich, Winterthurerstrasse 190, CH-8057 Zurich, 

Switzerland 

E-mail address: guido.dephilippis@math.uzh.ch 

Institut fur Mathematik, Universitaet Zurich, Winterthurerstrasse 190, CH-8057 Zurich, 

Switzerland 

E-mail address: antonio.derosa@math.uzh.ch 

Institut fur Mathematik, Universitaet Zurich, Winterthurerstrasse 190, CH-8057 Zurich, 

Switzerland 

E-mail address: francesco . ghiraldin@math.uzh. ch 




